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1. INTRODUCTION
Let a and b be fixed integers and let hui u i $ 0j be the two-term recurrence
sequence defined by u0 5 0, u1 5 1, and, for all i $ 2,
ui 5 aui21 1 bui22 . (1.1)
For any positive integer m, consider the corresponding sequence huij, where
* Portions of this work were completed while the first author was visiting Binghamton Uni-
versity.
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ui [ Z/mZ is obtained by reduction modulo m. If b and m are relatively
prime, then huij is purely periodic. In this case, for each integer d, we denote
the number of occurrences of the residue d (mod m) in one (shortest)
period of huij by na,b(m, d) (or simply n(m, d) when a and b are clear from
context). The function n(m, d) is called the frequency distribution function
of the recurrence huij modulo m. We define
Va,b(m) 5 V(m) 5 hna,b(m, d) u d [ Zj
and say that the sequence huij is stable modulo a prime p if there is a
positive integer N such that
V(pk) 5 V(pN) for all k $ N.
Our interest in stability developed from a desire to generalize the concept
of uniform distribution of two2term recurrence sequences. Recall that a
recurrence sequence is uniformly distributed modulo m if its frequency
distribution function modulo m is constant. (For a detailed exposition of
the theory of uniformly distributed recurrence sequences, see [3].) Clearly,
a recurrence sequence is uniformly distributed modulo m if and only if
uV(m)u 5 1. If huij is stable modulo p, then computation of uV(pk)u for all
k is a finite problem. Thus the concept of stability generalizes that of
uniform distribution.
In [1] we began a comprehensive study of the stability of two-term
recurrence sequences modulo the prime 2. This paper demonstrated that
stability is largely a function of the residue classes of a and b modulo 16.
We continued our study in [2], in which we presented a technique that
established stability for many sequences for which b ; 1 (mod 4). In this
paper we will describe a simple condition that can be used to establish
stability for many recurrence sequences for which b ; 3 (mod 4). The
condition presented here is sufficient: if the condition is satisfied by a given
two-term recurrence, then that recurrence is stable modulo 2. In this paper,
unlike in its predecessors [1] and [2], we are unable to explicitly compute
the distribution frequencies of the recurrences examined. This suggests that
stability is worthy of study in its own right. These three papers together
establish the stability of every two-term recurrence determined by odd
parameters a and b for which computational experimentation has suggested
stability occurs (see Table I of [1]). There remains one outstanding problem:
that of establishing the conjectured nonstability of those sequences not
proven to be stable in these papers.
If p is a prime and m an integer, we write pe i m if pe divides m, but pe11
does not divide m. We will also use the p-adic valuation: np(m) 5 e if and
only if pe i m. (The notation np(m) for the p-adic valuation should not be
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confused with the notation n(m, d) for distribution frequency defined
above.)
For a fixed two-term recurrence huij determined by odd a and b, we
identify three parameters r, s, and t as follows:
2r11 i (bu5 2 1), 2t11 i u6 , and 2s11 i (u7 2 1). (1.2)
The key to the stability of two-term recurrence sequences whose parame-
ter b satisfies b ; 3 (mod 4) is the delicate relationship between the
parameters r, s, and t. (Except in the addendum, we assume throughout
that r, s, and t are defined.) After establishing some preliminary lemmas
(Section 2), we show that the simultaneous occurrence of the inequalities
r , 2t and s , 2t guarantees stability of the sequence huij modulo 2 (Section
3). In Section 4, we examine the conditions r , 2t and s , 2t, and determine
which recurrence sequences satisfy them. In Section 5 we discuss the appli-
cations and shortcomings of the criterion proven in Section 3. Finally,
in the addendum, we discuss briefly the situation when one of r, s, or t is
not defined.
We will make free use of the following well-known facts about recurrence
sequences (see, e.g., [2] and [4]).
Fact 1. For any nonnegative integers n and m, un1m 5 un11um 1 bunum21.
Fact 2. For any nonnegative integer m, u2m11 5 (um11)2 1 b(um)2.
Fact 3. For any nonnegative integer m, u2m 5 2umum11 2 a(um)2.
Fact 4. For any nonnegative integers n and m, un divides unm .
2. PRELIMINARY RESULTS
For the duration of this section (and, indeed, the entire paper) we fix
the following main hypothesis.
MAIN HYPOTHESIS. Let huij be a two-term recurrence sequence defined
by u0 5 0, u1 5 1, and ui 5 aui21 1 bui22 for i $ 2. Assume that a is odd
and b ; 3 (mod 4). Let r, s, and t be defined as in (1.2).
In this section we derive some consequences of this hypothesis, in particu-
lar, some properties of the parameters r, s, and t.
LEMMA 2.1. The parameters r, s, and t satisfy the following conditions:
(a) 2t i u3 and t $ 2;
(b) r $ 1 and s $ 1;
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(c) if s , t, then s 5 r;
(d) if s . t, then t 5 r; and
(e) if s 5 t, then r . s and r . t.
Proof. By Fact 1, u6 5 u313 5 u4u3 1 bu3u2 5 u3(u4 1 bu2). Now,
u2 5 a and u4 5 a3 1 2ba, and therefore, since b ; 3 (mod 4),
u4 1 bu2 5 a3 1 3ba ; a(a2 1 9) ; a(a2 1 1) (mod 4).
Since a is odd, u4 1 bu2 ; 2 (mod 4), and hence 2t i u3 . Moreover, u3 5
a2 1 b ; a2 1 3 ; 0 (mod 4), and hence t $ 2. This completes the proof
of (a).
Since a is odd and b ; 3 (mod 4), there are two possible reductions of
huij modulo 4. In both cases u5 ; 3 (mod 4), and hence bu5 2 1 ; 0 (mod
4) and r $ 1. Similarly, u7 ; 1 (mod 4), so u7 2 1 ; 0 (mod 4) and s $ 1.
Parts (c), (d), and (e) follow immediately from the following consequence
of the definition (1.1):
(u7 2 1) 5 au6 1 (bu5 2 1). n
LEMMA 2.2. If m $ 0, then 2t1m i u3?2m .
Proof. Proceed by induction on m. If m 5 0, then the result is
Lemma 2.1(a).
Now suppose that m $ 1 and 2t1m21 i u3?2m21 . Fact 3 implies that
u3?2m 5 2u3?2m21u3?2m2111 2 a(u3?2m21)2.
By looking at huij modulo 2, it is easy to see that ui is even if and only if
i is divisible by 3. It follows that u3?2m2111 is odd, and hence 2t1m i 2u3?2m21
u3?2m2111 . On the other hand, since a is odd, 22(t1m21) i a(u3?2m21)2. By Lemma
2.1(a), t . 1, so 2(t 1 m 2 1) . t 1 m. Therefore 2t1m i u3?2m , as desired. n
LEMMA 2.3. If s , 2t and k . s, then u3?2k2s11 ; 1 1 2k (mod 2k11).
Proof. Proceed by induction on k. We start the induction with k 5
s 1 1. Observe in this case that u3?2k2s11 2 1 5 u7 2 1. But 2s11 i (u7 2
1), and therefore u3?2k2s11 2 1 ; 2k (mod 2k11), as desired.
Now suppose k $ s 1 2, and assume that u3?2(k21)2s11 ; 1 1 2k21 (mod
2k). Then there is an odd integer m such that
u3?2(k21)2s11 5 1 1 m ? 2k21.
CRITERION FOR SEQUENCE STABILITY 373
By Lemma 2.2, 2t1(k21)2s i u3?2(k21)2s , and hence 22(t1(k21)2s i (u3?2(k21)2s)2. Now,
2(t 1 (k 2 1) 2 s) 5 (k 2 s) 1 (k 2 s 2 1) 1 (2t 2 1) $ (k 2 s) 1 1 1 s
5 k 1 1,
so 2k11 divides (u3?2(k21)2s)2.
Finally, by Fact 2 and the fact that k $ s 1 2 $ 3, we obtain
u3?2k2s11 5 u2(3?2(k21)2s)11
5 (u3?2(k21)2s11)2 1 b(u3?2(k21)2s)2
; (1 1 m ? 2k21)2 1 b ? 0 (mod 2k11)
; 1 1 2k (mod 2k11).
This completes the induction and the proof of the lemma. n
PROPOSITION 2.4. If s , 2t, k . s, and n ; 1 (mod 3), then
un13?2k2s ; un 1 2k (mod 2k11).
Proof. By Lemma 2.2, 2t1k2s i u3?2k2s . Also, since 3 u (n 2 1), Fact 4
implies that u3 u un21 , and therefore 2t u un21 . Thus 22t1k2s u un21u3?2k2s . Since
2t 2 s . 0, it now follows that
un21u3?2k2s ; 0 (mod 2k11).
Finally, by Fact 1, Lemma 2.3, and the fact that un is odd, we obtain
un13?2k2s 5 unu3?2k2s11 1 bun21u3?2k2s
; unu3?2k2s11 1 b ? 0 (mod 2k11)
; un(1 1 2k) (mod 2k11)
; un 1 2k (mod 2k11),
as desired. n
We need a similar result to cover those n for which n ; 2 (mod 3).
LEMMA 2.5. If r , 2t and k . r, then bu3?2k2r21 ; 1 1 2k (mod 2k11).
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Proof. Proceed by induction on k. We start the induction with k 5
r 1 1. Observe in this case that bu3?2k2r21 2 1 5 bu5 2 1. But 2r11 i
bu5 2 1, and therefore bu3?2k2r21 ; 1 1 2k (mod 2k11), as desired.
Now suppose k $ r 1 2, and assume that bu3?2(k21)2r21 ; 1 1 2k21 (mod
2k). Then there is an odd integer m such that
bu3?2(k21)2r21 5 1 1 m ? 2k21. (2.1)
By Lemma 2.2, 2t1(k21)2r i u3?2(k21)2r , and hence 22(t1(k21)2r) i (u3?2(k21)2r)2. Now,
2(t 1 (k 2 1) 2 r) 5 (k 2 r) 1 (k 2 r 2 1) 1 (2t 2 1)
$ (k 2 r) 1 1 1 r 5 k 1 1,
so
(u3?2(k21)2r)2 ; 0 (mod 2k11). (2.2)
By (2.1) and Lemma 2.1(b), we know that 4 u (bu3?2(k21)2r21 2 1), and hence
2 i (bu3?2(k21)2r21 1 1). Therefore (2.1) implies that
2k i (bu3?2(k21)2r21 2 1)(bu3?2(k21)2r21 1 1). (2.3)
Finally, Fact 2, (2.2), and (2.3) yield
bu3?2k2r21 2 1 5 bu2(3?2(k21)2r21)11 2 1
5 b(u3?2(k21)2r)2 1 (b2(u3?2(k21)2r21)2 2 1)
5 b(u3?2(k21)2r)2 1 (bu3?2(k21)2r21 2 1)(bu3?2(k21)2r21 1 1)
; b ? 0 1 2k (mod 2k11)
; 2k (mod 2k11),
as desired. n
PROPOSITION 2.6. If r , 2t, k . r, and n ; 2 (mod 3), then
un13?2k2r ; un 1 2k (mod 2k11).
Proof. By Lemma 2.2, 2t1k2r i u3?2k2r . Also, since 3 u (n 1 1), Fact 4
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implies that u3 u un11 , and therefore 2t u un11 . Thus 22t1k2r u un11u3?2k2r . Since
2t 2 r $ 1, it now follows that
un11u3?2k2r ; 0 (mod 2k11).
Finally, by Fact 1, Lemma 2.5, and the fact that un is odd, we obtain
un13?2k2r 5 un11u3?2k2r 1 bunu3?2k2r21
; 0 1 un(bu3?2k2r21) (mod 2k11)
; un(1 1 2k) (mod 2k11)
; un 1 2k (mod 2k11),
as desired. n
Finally, we consider those n for which n ; 0 (mod 3).
LEMMA 2.7. If m 5 0, then u3?2m11 ; 1 (mod 2). If m $ 1 then
(a) if s $ t then u3?2m11 ; 1 (mod 2t1m), and
(b) if s , t then u3?2m11 ; 1 (mod 2s1m).
Proof. First suppose that m 5 0. Then u3?2m11 5 u4 . As noted above,
reduction modulo 2 reveals that ui is even if and only if i is divisible by 3.
In particular, u4 ; 1 (mod 2), as desired.
Note that if , 5 minhs, tj, (a) and (b) are both equivalent to u3?2m11 ; 1
(mod 2,1m).
We now prove (a) and (b) simultaneously by induction on m. By definition
of s, u7 ; 1 (mod 2s11). If s $ t, then it follows that u7 ; 1 (mod 2t11). This
starts the induction.
Now assume that m . 1 and u3?2m2111 ; 1 (mod 2m1,21). Then
(u3?2m2111)2 ; 1 (mod 2m1,). On the other hand, by Lemma 2.2, 2t1m21 i
u3?2m21 , and therefore 2,1m21 u u3?2m21 . It follows that (u3?2m21)2 ; 0 (mod
2,1m). Fact 2 now implies that
u3?2m11 5 (u3?2m2111)2 1 b(u3?2m21)2
; 1 (mod 2,1m),
as desired. n
PROPOSITION 2.8. If n ; 0 (mod 3) and k $ t, then
un13?2k2t ; un 1 2k (mod 2k11).
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Proof. By Lemma 2.7, with k 2 t in place of m, we know that
u3?2k2t11 ; 1 (mod 2k2t11). Moreover, by Fact 4, u3 u un , and consequently
2t u un . It follows that
unu3?2k2t11 ; un (mod 2k11).
On the other hand, by Lemma 2.2, 2k i u3?2k2t . Since un21 is odd, bun21
u3?2k2t ; 2k (mod 2k11). Fact 1 now implies that
un13?2k2t 5 unu3?2k2t11 1 bun21u3?2k2t
; un 1 2k (mod 2k11),
as desired. n
3. THE MAIN THEOREM
In this section we prove the following theorem.
THEOREM 3.1. Assume the Main Hypothesis (in Section 2). Suppose as
well that r , 2t and s , 2t and let N 5 maxhr 1 1, s 1 1, t 1 1j. Then
V(2k) 5 V(2N) for all k $ N. In particular, the sequence huij is stable
modulo 2.
In the next section, this theorem is used to demonstrate the stability of
all of the remaining two-term recurrence sequences not proven stable in
either [1] or [2] for which we have experimental evidence of stability.
In establishing a general criterion for stability of two-term recurrence
sequences, we sacrifice the ability to describe precisely the distribution
functions of these sequences. However, for any particular sequence it is
routine to recover this information: simply compute the parameters r, s, t,
and N and compute the frequency distribution function n(2N, p). Corollary
3.6 then shows, for each k $ N and d [ Z, that n(2k, d) 5 n(2N, d),
providing an explicit description of n(2k, p) valid for all k $ N.
We begin the proof of Theorem 3.1 by computing the exact length of
the period of huij modulo 2k when k $ N. If huij is a two-term recurrence
sequence defined by parameters a and b, with b odd, then for each positive
integer k, the sequence huij is periodic modulo 2k. We denote by lk the
length of the (shortest) period of huij modulo 2k.
PROPOSITION 3.2. Assume the Main Hypothesis (in Section 2).
(a) If s , t, then lk 5 3 ? 2k2s for all k . s.
(b) If s $ t, then lk 5 3 ? 2k2t for all k . t.
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Proof. (a) Assume that s , t and k . s. Then k 2 s 1 t . t. Thus,
by Proposition 2.8,
u3?2(k2s1t)2t ; u0 1 2k2s1t (mod 2k2s1t11),
and therefore
u3?2k2s ; 0 (mod 2k).
Moreover, by Lemma 2.3,
u3?2k2s11 ; 1 (mod 2k).
Therefore lk divides 3 ? 2k2s.
Now, by reduction modulo 2, it is easy to see that un is even if and only
if 3 divides n. But clearly ulk ; 0 (mod 2
k), and consequently 3 u lk .
Finally, by Lemma 2.3 and the observation that k . s, we obtain
u3?2(k21)2s11 ; 1 1 2k21 (mod 2k).
It follows that lk does not divide 3 ? 2k2s21, and therefore that lk 5 3 ?
2k2s, as desired.
(b) Assume now that s $ t and k . t. By Lemma 2.7 we obtain
u3?2k2t11 ; 1 (mod 2k).
Moreover, by Proposition 2.8,
u3?2k2t ; 0 (mod 2k).
Therefore lk divides 3 ? 2k2t.
As in (a), 3 u lk .
Finally, since k 2 1 $ t, Proposition 2.8 yields
u3?2(k21)2t ; 2k21 (mod 2k).
It follows that lk does not divide 3 ? 2k2t21, and therefore that lk 5 3 ?
2k2t, as desired. n
COROLLARY 3.3. If either
(a) s , t and k . s, or
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(b) s $ t and k . t,
then lk11 5 2lk . In particular, if k $ N, then lk11 5 2lk .
Lemma 3.4 and Lemma 3.5 constitute the bulk of the proof of Theorem
3.1. They demonstrate (with suitable restrictions on r, s, and t) the stability
of the frequencies n(2k, d) for d even and odd, respectively. Their proofs
are similar and generalize the basic stability argument given in [1] and [2].
LEMMA 3.4. Assume the Main Hypothesis (in Section 2). Suppose
as well that k . t. If d is any even integer such that 0 # d , 2k and
n(2k, d) . 0, then n(2k11, d) 5 n(2k, d) and n(2k11, d 1 2k) 5 n(2k, d).
Note. We thank the referee for pointing out that the proof of this lemma
requires no restriction of r, s, or t. Consequently, frequencies of even
terms of the recurrence huij are always eventually constant and never cause
instability of the sequence.
Proof. Set n 5 n(2k, d) . 0, and choose distinct n1 , n2 , . . . , nn [ Z
such that 0 # ni , lk and uni ; d (mod 2
k) for all i 5 1, 2, . . . , n. Since
d is even, ni ; 0 (mod 3). Now, for fixed i, either uni ; d (mod 2
k11) or
uni ; d 1 2
k (mod 2k11). Also, by Proposition 2.8,
uni13?2k2t ; uni 1 2
k (mod 2k11). (3.1)
We break the rest of the proof into two cases corresponding to the
conditions s $ t and s # t 2 1.
Case 1: s $ t. By Proposition 3.2, lk 5 3 ? 2k2t. Thus (3.1) becomes
uni1lk ; uni 1 2
k (mod 2k11).
It follows that uni and uni1lk are congruent modulo 2
k11 to d and d 1 2k
(in some order). Choose ai [ hni , ni 1 lkj such that
uai ; d (mod 2
k11), (3.2)
and let bi [ hni , ni 1 lkj be the other element, to obtain
ubi ; d 1 2
k (mod 2k11). (3.3)
By Corollary 3.3(b), 0 # ai , bi , 2lk 5 lk11 and, since ai ; bi ; ni (mod
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lk), all of a1, a2, . . . , an are distinct and all of b1 , b2 , . . . , bn are distinct.
Therefore, by (3.2) and (3.3),
n(2k11, d) $ n 5 n(2k, d) and n(2k11, d 1 2k) $ n(2k, d). (3.4)
On the other hand, since lk11 5 2lk , it follows that n(2k11, d) 1 n(2k11,
d 1 2k) 5 2n(2k, d). Thus
2n(2k, d) 5 n(2k11, d) 1 n(2k11, d 1 2k) $ n(2k, d) 1 n(2k, d)
(3.5)
5 2n(2k, d).
Clearly, (3.4) and (3.5) imply that n(2k11, d) 5 n(2k, d) and n(2k11, d 1
2k) 5 n(2k, d), as desired.
Case 2: s # t 2 1. By Proposition 3.2 and the assumption that k . t $
s 1 1 . s, lk 5 3 ? 2k2s. Let « 5 t 2 s $ 1. By Proposition 2.8,
uni122«lk ; uni 1 2
k (mod 2k11).
Since ni 1 22«lk ; 0 (mod 3), repeated application of Proposition 2.8 shows,
for all odd d $ 1, that
uni1d22«lk ; uni 1 2
k (mod 2k11). (3.6)
Now, since 0 # ni , lk , there is a unique integer ,i [ h0, 1, 2, . . . ,
2« 2 1j such that
,i22«lk # ni , (,i 1 1)22«lk . (3.7)
Set di 5 2«11 2 2,i 2 1. Observe that di is odd, that di $ 2«11 2
2(2« 2 1) 2 1 5 1, and that di # 2«11 2 1. Hence, by (3.6),
uni1di22«lk ; uni 1 2
k (mod 2k11). (3.8)
Note. The pairing of the elements ni and ni 1 di22«lk is essential to the
argument presented here. We refer to ni 1 di22«lk as the significant other
of ni .
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Observe that, by (3.7) and the definition of di ,
ni 1 Sdi2«D lk $ S,i2« 1 2«11 2 2,i 2 12« D lk
5 S2«11 2 ,i 2 12« D lk $ S2«11 2 (2« 2 1) 2 12« D lk 5 lk .
Thus
ni 1 Sdi2«D lk $ lk . (3.9)
Similarly,
ni 1 Sdi2«D lk , S,i 1 12« 1 2«11 2 2,i 2 12« D lk
5 S2«11 2 ,i2« D lk # S2«112« D lk 5 2lk 5 lk11 ,
and therefore
ni 1 Sdi2«D lk , lk11 . (3.10)
As in the argument for Case 1, (3.8) tells us that uni and uni1di22«lk are
congruent modulo 2k11 to d and d 1 2k (in some order). Thus, we can
choose ai [ hni , ni 1 di22«lkj such that
uai ; d (mod 2
k11),
and let bi [ hni , ni 1 di22«lkj be the other element, to obtain
ubi ; d 1 2
k (mod 2k11).
To prove that n(2k11, d) $ n(2k, d) and n(2k11, d 1 2k) $ n(2k, d), it
suffices to show, respectively, that the integers a1 , a2 , . . . , an are distinct
and that the integers b1 , b2 , . . . , bn are distinct. To this end, suppose that
ai 5 aj with i ? j. Without loss of generality, we assume that nj . ni .
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Now,
ai [ hni , ni 1 di22«lkj and aj [ hnj , nj 1 dj22«lkj.
Observe that the first element of each set lies between 0 and lk 2 1, while
the second lies between lk and 2lk 2 1 by (3.9) and (3.10). Since nj . ni ,
the only way to achieve ai 5 aj is if
ni 1 di22«lk 5 nj 1 dj22«lk .
But then
nj 2 ni 5 Sdi 2 dj2« D lk . (3.11)
On the other hand,
nj 2 ni , S,j 1 12« D lk 2 S,i2«D lk 5 S,j 2 ,i 1 12« D lk .
Thus, by (3.11), we obtain
Sdi 2 dj2« D lk , S,j 2 ,i 1 12« D lk ,
and consequently (di 1 ,i) 2 (dj 1 ,j) , 1. Substituting in the definition
of di and dj , we obtain
2«11 2 ,i 2 1 (2«11 2 ,j 2 1) , 1,
and therefore
,j 2 ,i , 1. (3.12)
Since we have assumed that nj . ni , it is clear that ,j $ ,i , so it follows
from (3.12) that ,i 5 ,j . It follows immediately that di 5 dj , and hence, by
(3.11), that nj 2 ni 5 0, a contradiction. Thus the integers a1 , a2 , . . . , an
are distinct, and it follows that
n(2k11, d) $ n 5 n(2k, d).
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A similar argument may be used to show that the integers b1 , b2 , . . . ,
bn are distinct, and hence
n(2k11, d 1 2k) $ n(2k, d).
Now, as in Case 1,
2n(2k, d) 5 n(2k11, d) 1 n(2k11, d 1 2k) $ n(2k, d) 1 n(2k, d) 5 2n(2k, d).
Again, this can only occur if n(2k11, d) 5 n(2k, d) and n(2k11, d 1 2k) 5
n(2k, d), as desired.
With the completion of Case 2, the lemma has been established. n
LEMMA 3.5. Assume the Main Hypothesis (in Section 2). Suppose as
well that r , 2t and s , 2t and that k . r and k . s. If d is any odd integer
such that 0 # d , 2k and n(2k, d) . 0, then n(2k11, d) 5 n(2k, d) and
n(2k11, d 1 2k) 5 n(2k, d).
Note. If d is odd and n is chosen so that un ; d (mod 2k), then by
reduction modulo 2 it is easy to see that n ; 1 (mod 3) or n ; 2 (mod 3).
In the proof below, the hypotheses s , 2t and k . s are used only in the
case that n ; 1 (mod 3) and the hypotheses that r , 2t and k . r are used
only in the case that n ; 2 (mod 3).
Proof. Set n 5 n(2k, d) . 0 and choose n1 , n2 , . . . , nn such that 0 #
ni , lk and uni ; d (mod 2
k) for all i 5 1, 2, . . . , n. Since d is odd, either
ni ; 1 (mod 3) or ni ; 2 (mod 3) for each i.
We break the rest of the proof into three cases corresponding to the
conditions s $ t 1 1, s # t 2 1, and s 5 t.
Case 1: s $ t 1 1. By Proposition 3.2, lk 5 3 ? 2k2t and, by Lemma 2.1,
t 5 r. Let « 5 s 2 t $ 1. It follows from Proposition 2.4 that for any n
such that n ; 1 (mod 3),
un122«lk ; un 1 2
k (mod 2k11), (3.13)
and, from Proposition 2.6, that for any n such that n ; 2 (mod 3)
un1lk ; un 1 2
k (mod 2k11). (3.14)
Note that if d is any odd integer and n ; 1 (mod 3), then n 1 d22«lk ;
1 (mod 3). Therefore, by (3.13) and repeated application of Proposition
2.4, for each odd integer d we obtain
un1d22«lk ; un 1 2
k (mod 2k11). (3.15)
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Now, fix an index i and consider ni . First, by (3.14), if ni ; 2 (mod 3)
then there is a unique integer ai [ hni , ni 1 lkj such that
uai ; d (mod 2
k11),
and, if bi is the other element of this set,
ubi ; d 1 2
k (mod 2k11).
On the other hand, if n ; 1 (mod 3), we can choose ,i [ h0, 1, 2, . . . ,
2« 21j such that
,i22«lk # ni , (,i 1 1)22«lk ,
and set di 5 2«11 2 2,i 2 1 (so that ni and ni 1 di22«lk are significant others
as in the proof of Case 2 of Lemma 3.4). Observe that di is odd and that
1 # di # 2«11 2 1. Hence, by (3.15),
uni1di22«lk ; uni 1 2
k (mod 2k11). (3.16)
As in Lemma 3.4,
lk # ni 1 Sdi2«D lk , lk11 . (3.17)
Since uni ; d (mod 2
k), we know that either uni ; d (mod 2
k11) or uni ;
d 1 2k (mod 2k11), and hence, by (3.16), we can choose ai [ hni , ni 1
di22«lkj such that
uai ; d (mod 2
k11),
and let bi be the other element of hni , ni 1 di22«lkj to obtain
ubi ; d 1 2
k (mod 2k11).
To show that n(2k11, d 1 2k) $ n 5 n(2k, d), it suffices to show that the
integers a1 , a2 , . . . , an are distinct and that the integers b1 , b2 , . . . , bn
are distinct. To this end, assume that ai 5 aj for some i ? j. Without loss
of generality, assume that nj . ni .
To begin, note that, by (3.17), 0 # ai , lk11 for all i. Furthermore, ai ;
ni (mod 3) for all i. Clearly, ni ; nj (mod 3), so we must consider two
possibilities: ni ; nj ; 2 (mod 3) and ni ; nj ; 1 (mod 3).
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First, suppose that ni ; nj ; 2 (mod 3). Then ai [ hni , ni 1 lkj and
aj [ hnj , nj 1 lkj. But
0 # ni , nj , lk # ni 1 lk , nj 1 lk , 2lk ,
so ai ? aj , a contradiction.
Next, suppose that ni ; nj ; 1 (mod 3). Then ai [ hni , ni 1 di22«lkj and
aj [ hnj , nj 1 dj22«lkj. Since the second element of each set lies between
lk and 2lk 5 lk11 , the assumption that ai 5 aj and nj . ni forces
ni 1 di22«lk 5 nj 1 dj22«lk .
Therefore
nj 2 ni 5 Sdi 2 dj2« D lk .
But now, our situation is identical to that after (3.11) of Lemma 3.4. As in
the proof of that lemma, we obtain the contradiction ni 5 nj .
Thus the integers a1 , a2 , . . . , an are distinct and it follows that n(2k11,
d) $ n 5 n(2k, d). Similarly, the integers b1 , b2 , . . . , bn are distinct and
it follows that n(2k11, d 1 2k) $ n 5 n(2k, d).
Now, as in Lemma 3.4,
2n(2k, d) 5 n(2k11, d) 1 n(2k11, d 1 2k) $ n(2k, d) 1 n(2k, d) 5 2n(2k, d).
As before, this can only occur if n(2k11, d) 5 n(2k, d) and n(2k11,
d 1 2k) 5 n(2k, d).
This completes the proof of the lemma under the hypothesis that s $
t 1 1.
Case 2: s # t 2 1. By Proposition 3.2, lk 5 3 ? 2k2s, and by Lemma
2.1, s 5 r. If n ; 1 (mod 3), then Proposition 2.4 implies that
un1lk ; un 1 2
k (mod 2k11),
and, if n ; 2 (mod 3), then Proposition 2.6 implies that
un1lk ; un 1 2
k (mod 2k11).
The completion of the proof in this case is analogous to the proof in Case
1 of Lemma 3.4 and is left to the reader.
Case 3: s 5 t. By Proposition 3.2, lk 5 3 ? 2k2s 5 3 ? 2k2t. Moreover,
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by Lemma 2.1, r . s and r . t. Let « 5 r 2 s $ 1. If n ; 1 (mod 3), then
Proposition 2.4 implies that
un1lk ; un 1 2
k (mod 2k11), (3.18)
and, if n ; 2 (mod 3), then Proposition 2.6 implies that
un122«lk ; un 1 2
k (mod 2k11). (3.19)
The completion of the proof in this case is analogous to Case 1 of this
lemma: compare Eqs. (3.18) and (3.19) to Eqs. (3.13) and (3.14). The details
are again left to the reader.
With the completion of Case 3, the lemma is established. n
COROLLARY 3.6. Assume the Main Hypothesis (in Section 2). Suppose
as well that r , 2t and s , 2t and let N 5 maxhr 1 1, s 1 1, t 1 1j. Assume
that k $ N and 0 # d , 2k. Then n(2k, d) 5 n(2k11, d) 5 n(2k11, d 1 2k).
Proof. The corollary follows immediately from Lemma 3.4 and
Lemma 3.5. n
Finally, we turn to the proof of Theorem 3.1.
Proof of Theorem 3.1. Assume the hypotheses of Theorem 3.1 and
suppose that k $ N. By Corollary 3.6,
V(2k11) 5 hn(2k11, d) u 0 # d , 2k11j
5 hn(2k11, d) u 0 # d , 2kj < hn(2k11, d 1 2k) u 0 # d , 2kj
5 hn(2k, d) u 0 # d , 2kj < hn(2k, d) u 0 # d , 2kj
5 V(2k) < V(2k) 5 V(2k).
Thus V(2k11) 5 V(2k), as desired. n
4. THE CONDITIONS r , 2t AND s , 2t
Suppose that huij is a recurrence sequence defined by (1.1), and that a
is odd and b ; 3 (mod 4). Define parameters r, s, and t as in (1.2). Then,
according to Theorem 3.1, the sequence huij is stable modulo 2 if the
following inequalities hold:
r , 2t and s , 2t. (4.1)
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In this section we will identify values of a and b for which (4.1) is true.
(We implicitly assume that r, s, and t are defined. For a brief discussion of
sequences for which one of r, s, or t is not defined, see Section 6.)
In particular, we will show that (4.1) is true under any of the following con-
ditions:
(a) b ; 3 (mod 16) and a ; 65 or 67 (mod 16);
(b) b ; 11 (mod 16) and a ; 63 or 67 (mod 16);
(c) b ; 7 (mod 16) and a ; 63 or 65 (mod 16); or
(d) b ; 15 (mod 16) and a ; 63, 65 (mod 16), or 67 (mod 16);
this confirms the stability results proven in [1] and [2]. In addition, we will
show, with sporadic exceptions, that (4.1) is also true when
(e) b ; 7 (mod 16) and a ; 61 or 67 (mod 16); or
(f) b ; 15 (mod 16) and a ; 61 (mod 16).
We conjecture that the remaining sequences fail to be stable.
Our first two lemmas provide a general argument that is applied below
to specific classes of a and b.
LEMMA 4.1. Let s 5 n2((a3 1 2ba 2 1)(a3 1 2ba 1 1)). Then s , 2t if
and only if 2t ? s.
Note. It may be that s is not defined. This is not a severe problem, as
the argument below is easily modified to show in this case that s , 2t.
Proof. The first five terms of the sequence huij are 0, 1, a, a2 1 b,
a3 1 2ba. Therefore, by Fact 2,
u7 2 1 5 u2?311 2 1
5 b(u3)2 1 (u4)2 2 1
5 b(u3)2 1 (u4 2 1)(u4 1 1)
5 b(u3)2 1 (a3 1 2ba 2 1)(a3 1 2ba 1 1).
Since b is odd, n2(b(u3)2) 5 2n2(u3) 5 2t. Since s 5 n2((a3 1 2ba 2 1)
(a3 1 2ba 1 1)), it follows that
s 1 1 5 n2(u7 2 1) 5H2t if 2t , s,
s if s , 2t,
and (4.2)
s 1 1 5 n2(u7 2 1) $ s 1 1 if s 5 2t.
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Suppose that 2t ? s. Then either 2t , s, in which case s 5 2t 2 1 , 2t,
or 2t . s, in which case s 1 1 5 s , 2t and hence s , 2t, as desired.
Conversely, suppose that s , 2t. If 2t 5 s, then, on the one hand s , s,
and, on the other hand, s 1 1 $ s 1 1 and s $ s, a contradiction. Thus
2t ? s. n
LEMMA 4.2. Let t 5 n2((ba 2 1)(ba 1 1)). Then r , 2t if and only if
2t ? t.
Note. It may be that t is not defined. As in the previous lemma, the
argument below is easily modified to show in this case that r , 2t.
Proof. As in Lemma 4.1, note that u2 5 a. Thus, by Fact 2,
bu5 2 1 5 bu2?211 2 1
5 b(u3)2 1 (bu2)2 2 1
5 b(u3)2 1 (ba 2 1)(ba 1 1).
Since b is odd, n2(b(u3)2) 5 2n2(u3) 5 2t. Since t 5 n2((ba 2 1)(ba 1
1)), it follows that
r 1 1 5 n2(bu5 2 1) 5H2t if 2t , t,
t if t , 2t,
and (4.3)
r 1 1 5 n2(bu5 2 1) $ t 1 1 if t 5 2t.
Now, suppose that 2t ? t. Then either 2t , t, in which case r 5 2t 2
1 , 2t, or 2t . t, in which case r 1 1 5 t , 2t and hence r , 2t, as desired.
Conversely, suppose that r , 2t. If 2t 5 t, then, on the one hand r , t,
and, on the other hand, r 1 1 $ t 1 1 and so r $ t, a contradiction. Thus
2t ? t. n
In the next four lemmas and two propositions, we dispatch with the cases
in which b ; 3 (mod 16) and b ; 11 (mod 16). These cases are made
simpler by the ease of computation of t.
LEMMA 4.3. If b ; 3 (mod 16) and a ò 61 (mod 16), then s , 2t. If
b ; 3 (mod 16) and a ; 61 (mod 16), then s $ 2t.
Proof. Suppose that b ; 3 (mod 16). Since u3 5 a2 1 b ; 1 1 3 ; 4
(mod 8), we know that t 5 2. If a ; 1 (mod 16), then a3 1 2ba 1 1 ; 8
(mod 16) and a3 1 2ba 2 1 ; 6 (mod 16), and it follows that s 5 4.
Similarly, if a ; 15 (mod 16), then a3 1 2ba 1 1 ; 10 (mod 16) and a3 1
2ba 2 1 ; 8 (mod 16), and, again, s 5 4. On the other hand, by computing
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a3 1 2ba 2 1 (mod 16) and a3 1 2ba 1 1 (mod 16) for other classes of a
modulo 16, it is easy to verify that s 5 3 when a ; 3, 5, 11, or 13 (mod
16) and s $ 5 when a ; 67 (mod 16). The lemma now follows from
Lemma 4.1. n
LEMMA 4.4. If b ; 3 (mod 16) and a ò 63 (mod 16), then r , 2t. If
b ; 3 (mod 16) and a ; 63 (mod 16), then r $ 2t.
Proof. Suppose that b ; 3 (mod 16). As in Lemma 4.3, computation
of a2 1 b (mod 8) reveals that t 5 2. By computing ba 2 1 (mod 16) and
ba 1 1 (mod 16) it is easy to verify that t 5 4 when a ; 63 (mod 16);
t 5 3 when a ; 1, 7, 9, or 15 (mod 16); and t $ 5 when a ; 65 (mod 16).
The lemma now follows from Lemma 4.2. n
PROPOSITION 4.5. If b ; 3 (mod 16) and a ; 65 (mod 16) or a ; 67
(mod 16), then huij is stable. Moreover, in each case V(2k) 5 V(24) for all
k $ 4.
Note. The reader familiar with [1] will note that this proposition agrees
with the data in Table II of that paper.
Proof. By Lemma 4.3 and Lemma 4.4, s , 2t and r , 2t when the
conditions of the proposition hold. Thus, by Theorem 3.1, each sequence
listed is stable. Furthermore, a comparison of (4.2) and (4.3) with the
computations of s and t in Lemma 4.3 and Lemma 4.4 reveals that hr, s,
tj 5 h2, 3j in all cases. Thus N 5 4, and the second conclusion of the
proposition follows from Theorem 3.1. n
LEMMA 4.6. If b ; 11 (mod 16) and a ò 61 (mod 16), then s , 2t. If
b ; 11 (mod 16) and a ; 61 (mod 16), then s $ 2t.
Proof. Suppose that b ; 11 (mod 16). As in Lemmas 4.4 and 4.3, t 5
2. Direct computation of a3 1 2ba 2 1 (mod 16) and a3 1 2ba 1 1 (mod
16) reveals that s 5 4 when a ; 61 (mod 16); s 5 3 when a ; 3, 5, 11,
or 13 (mod 16); and s $ 5 when a ; 67 (mod 16). The lemma now follows
from Lemma 4.1. n
LEMMA 4.7. If b ; 11 (mod 16) and a ò 65 (mod 16), then r , 2t. If
b ; 11 (mod 16) and a ; 65 (mod 16), then r $ 2t.
Proof. Suppose that b ; 11 (mod 16). As in Lemmas 4.4 and 4.3, t 5
2. Direct computation of ba 2 1 (mod 16) and ba 1 1 (mod 16) reveals
that t 5 4 when a ; 65 (mod 16); t 5 3 when a ; 1, 7, 9, or 15 (mod
16); and t $ 5 when a ; 63 (mod 16). The lemma now follows from
Lemma 4.2. n
PROPOSITION 4.8. If b ; 11 (mod 16) and a ; 63 (mod 16) or a ; 67
(mod 16), then huij is stable. Moreover, in each case V(2k) 5 V(24) for all
k $ 4.
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Note. Again, the reader familiar with [1] will note that this proposition
agrees with the data in Table II of that paper.
Proof. By Lemma 4.6 and Lemma 4.7, s , 2t and r , 2t when the
conditions of the proposition hold. Thus, by Theorem 3.1, each sequence
listed is stable. As in Proposition 4.5, hr, s, tj 5 h2, 3j in all cases. Thus
N 5 4, and the second conclusion of the proposition follows from Theo-
rem 3.1. n
Next we turn to sequences for which b ; 7 (mod 16).
LEMMA 4.9. If b ; 7 (mod 16), then s , 2t unless one of the following
four conditions holds:
(a) b ; 7 (mod 32) and a ; 17 (mod 64);
(b) b ; 23 (mod 32) and a ; 49 (mod 64);
(c) b ; 7 (mod 32) and a ; 47 (mod 64);
(d) b ; 23 (mod 32) and a ; 15 (mod 64).
Moreover, if any of these conditions holds, then s $ 2t.
Proof. Suppose that b ; 7 (mod 16). First note that if a ; 61 (mod
16) or a ; 67 (mod 16), then u3 5 a2 1 b ; 8 (mod 16), and it follows
that t 5 3. On the other hand, if a ; 63 (mod 16) or a ; 65 (mod 16),
then u3 5 a2 1 b ; 0 (mod 16), and it follows that t $ 4.
By examining a3 1 2ba 2 1 (mod 16) and a3 1 2ba 1 1 (mod 16), we
conclude that s 5 3 when a ; 63 (mod 16) or a ; 65 (mod 16), s 5 4
when a ; 67 (mod 16), and s $ 5 when a ; 61 (mod 16).
We can now conclude that 2t $ 6 . s, unless a ; 61 (mod 16), and
hence, by Lemma 4.1, s , 2t in these cases.
Now, assume that a ; 1 (mod 16). Then a3 1 2ba 2 1 ; 14 (mod 16),
so 2 i a3 1 2ba 2 1. On the other hand, since b ; 7 (mod 16), we can find
an integer i such that b 5 7 1 16i. Similarly, we can find an integer j such
that a 5 1 1 16j. Thus,
a3 1 2ba 1 1 5 (1 1 16j)3 1 2(1 1 16j)(7 1 16i) 1 1
; 16(1 1 j 1 2i) (mod 64).
It follows that
24 i a3 1 2ba 1 1 and s 5 5 when j is even; (4.4)
25 i a3 1 2ba 1 1 and s 5 6 when i is even and j ; 1 (mod 4)
or i is odd and j ; 3 (mod 4); (4.5)
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and
26 u a3 1 2ba 1 1 and s $ 7 when i is odd and j ; 1 (mod 4)
or i is even and j ; 3 (mod 4). (4.6)
Since 2t 5 6, it follows that 2t 5 s if and only if (4.5) occurs. Therefore,
by Lemma 4.1, if a ; 1 (mod 16), then s $ 2t if and only if
(a) b ; 7 (mod 32) and a ; 17 (mod 64) or
(b) b ; 23 (mod 32) and a ; 49 (mod 64), as desired.
Finally, assume that a ; 15 (mod 16). Then a3 1 2ba 1 1 ; 2 (mod 16),
so 2 i a3 1 2ba 1 1. As in the previous paragraph, we can find integers i
and j such that b 5 7 1 16i and a 5 15 1 16j. In this case,
a3 1 2ba 2 1 5 (15 1 16j)3 1 2(15 1 16j)(7 1 16i) 2 1
; 16( j 1 2i) (mod 64).
It follows that
24 i a3 1 2ba 2 1 and s 5 5 when j is odd; (4.7)
25 i a3 1 2ba 2 1 and s 5 6 when i is odd and j ; 0 (mod 4)
or i is even and j ; 2 (mod 4); (4.8)
and
26 u a3 1 2ba 2 1 and s $ 7 when i is odd and j ; 2 (mod 4)
or i is even and j ; 0 (mod 4). (4.9)
Since 2t 5 6, it follows that 2t 5 s if and only if (4.8) occurs. Therefore,
by Lemma 4.1, if a ; 15 (mod 16), then s $ 2t if and only if
(c) b ; 7 (mod 32) and a ; 47 (mod 64) or
(d) b ; 23 (mod 32) and a ; 15 (mod 64),
as desired.
This completes the proof of the lemma. n
LEMMA 4.10. If b ; 7 (mod 16), then r , 2t unless one of the following
eight conditions holds:
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(a) b ; 7 (mod 64) and a ; 7 1 1 ? 16 (mod 64);
(b) b ; 7 1 1 ? 16 (mod 64) and a ; 7 (mod 64);
(c) b ; 7 1 2 ? 16 (mod 64) and a ; 7 1 3 ? 16 (mod 64);
(d) b ; 7 1 3 ? 16 (mod 64) and a ; 7 1 2 ? 16 (mod 64);
(e) b ; 7 (mod 64) and a ; 9 1 2 ? 16 (mod 64);
(f) b ; 7 1 1 ? 16 (mod 64) and a ; 9 1 3 ? 16 (mod 64),
(g) b ; 7 1 2 ? 16 (mod 64) and a ; 9(mod 64);
(h) b ; 7 1 3 ? 16 (mod 64) and a ; 9 1 16 (mod 64).
Moreover, if any of these conditions holds, then r $ 2t.
Proof. Suppose that b ; 7 (mod 16). As in Lemma 4.9, if a ; 61 (mod
16) or a ; 67 (mod 16), then u3 ; 8 (mod 16), and t 5 3, while if a ; 63
(mod 16) or a ; 65 (mod 16), then u3 ; 0 (mod 16), and it follows that
t $ 4.
By examining ba 2 1 (mod 16) and ba 1 1 (mod 16), we conclude that
t 5 3 when a ; 63 (mod 16) or a ; 65 (mod 16), t 5 4 when a ; 61
(mod 16), and t $ 5 when a ; 67 (mod 16). Thus 2t $ 6 . t unless a ;
67 (mod 16), and hence, by Lemma 4.2, r , 2t in these cases.
Now, assume that a ; 7 (mod 16). Then ba 1 1 ; 2 (mod 16), so 2 i
ba 1 1. As in Lemma 4.10, we can find integers i and j such that b 5 7 1
16i and a 5 7 1 16j. Therefore
ba 2 1 5 (7 1 16j)(7 1 16i) 2 1
; 48(i 1 j 1 1) (mod 64).
It follows that
24 i (ba 2 1) and t 5 5 when i 1 j ; 0 (mod 2); (4.10)
25 i (ba 2 1) and t 5 6 when i 1 j ; 1 (mod 4); (4.11)
and
26 u (ba 2 1) and t $ 7 when i 1 j ; 3 (mod 4). (4.12)
Since 2t 5 6, it follows that 2t 5 t if and only if (4.11) occurs. Therefore,
by Lemma 4.2, if a ; 7 (mod 16), then r $ 2t if and only if
(a) b ; 7 (mod 64) and a ; 7 1 1 ? 16 (mod 64),
(b) b ; 7 1 1 ? 16 (mod 64) and a ; 7 (mod 64),
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(c) b ; 7 1 2 ? 16 (mod 64) and a ; 7 1 3 ? 16 (mod 64), or
(d) b ; 7 1 3 ? 16 (mod 64) and a ; 7 1 2 ? 16 (mod 64),
as desired.
Finally, assume that a ; 9 (mod 16). Then ba 2 1 ; 14 (mod 16), so
2 i ba 2 1. As usual, we can find integers i and j such that b 5 7 1 16i
and a 5 9 1 16j. Therefore
ba 1 1 5 (9 1 16j)(7 1 16i) 1 1
; 16(3j 1 i) (mod 64).
It follows that
24 i (ba 2 1) and t 5 5 when 3j 1 i ; 1 (mod 2); (4.13)
25 i (ba 2 1) and t 5 6 when 3j 1 i ; 2 (mod 4); (4.14)
and
26 u (ba 2 1) and t $ 7 when 3j 1 i ; 0 (mod 4). (4.15)
It follows that 2t 5 t if and only if (4.14) occurs. Therefore, by Lemma
4.2, if a ; 9 (mod 16), then r $ 2t if and only if
(e) b ; 7 (mod 64) and a ; 9 1 2 ? 16 (mod 64),
(f) b ; 7 1 1 ? 16 (mod 64) and a ; 9 1 3 ? 16 (mod 64),
(g) b ; 7 1 2 ? 16 (mod 64) and a ; 9(mod 64), or
(h) b ; 7 1 3 ? 16 (mod 64) and a ; 9 1 16 (mod 64),
as desired.
This completes the proof of the lemma. n
PROPOSITION 4.11. If b ; 7 (mod 16) and a is odd, then huij is stable
unless one of the conditions (a)–(d) of Lemma 4.9 or (a)–(h) of Lemma
4.10 occurs. Moreover,
(a) if a ; 63 (mod 16) or a ; 65 (mod 16), then V(2k) 5 V(2t11)
for all k $ t 1 1 and, moreover, t $ 4;
(b) if a ; 1 (mod 16), then V(2k) 5 V(25) for all k $ 5 if (4.4) occurs
and V(2k) 5 V(27) for all k $ 7 if (4.6) occurs;
(c) if a ; 15 (mod 16), then V(2k) 5 V(25) for all k $ 5 if (4.7)
occurs and V(2k) 5 V(27) for all k $ 7 if (4.9) occurs;
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(d) if a ; 7 (mod 16), then V(2k) 5 V(25) for all k $ 5 if (4.10)
occurs and V(2k) 5 V(27) for all k $ 7 if (4.12) occurs; and
(e) if a ; 9 (mod 16), then V(2k) 5 V(25) for all k $ 5 if (4.13)
occurs and V(2k) 5 V(27) for all k $ 7 if (4.15) occurs.
Proof. By Lemma 4.9 and Lemma 4.10, s , 2t and r , 2t when the
conditions of the proposition hold. Thus, by Theorem 3.1, each sequence
listed is stable.
In order to apply Theorem 3.1 to prove (a)–(e), we need to determine
the values of r, s, and t. As noted in Lemmas 4.9 and 4.10, t $ 4 when
a ; 63 (mod 16) or a ; 65 (mod 16) and t 5 3 in all other cases. Moreover,
(4.2) and (4.3) can be used to compute s and r from the values of s and t
derived in the proofs of Lemmas 4.9 and 4.10.
In particular, if a ; 63 (mod 16) or a ; 65 (mod 16), then s 5 t 5 3,
and therefore hr, s, tj 5 h2, tj, with t $ 4. It follows that N 5 t 1 1 $ 5
and (a) follows from Theorem 3.1.
If a ; 1 (mod 16), then by Lemma 4.10, t 5 4 and hence r 5 3. If, in
addition, (4.4) occurs, then s 5 5 and hence s 5 4. Thus hr, s, tj 5 h4, 3j
and N 5 5. On the other hand, if (4.6) occurs, then s $ 7 and s 5 6. In
this case, hr, s, tj 5 h6, 3j and N 5 7. Finally, (b) follows from Theorem 3.1.
Conclusions (c), (d), and (e) follow similarly from Theorem 3.1 and the
computations in Lemmas 4.9 and 4.10. n
Finally, we turn to sequences for which b ; 15 (mod 16).
LEMMA 4.12. If b ; 15 (mod 16), then s , 2t unless there exists a
nonnegative integer a such that one of the following conditions holds:
(a) a ; 1 1 2a15 (mod 2a16), b ; 21 1 2a14 (mod 2a15), and a 1
2b 1 1 ; 22a17 (mod 22a18);
(b) a ; 21 1 2a15 (mod 2a16), b ; 21 1 2a14 (mod 2a15), and a 2
2b 2 1 ; 22a17 (mod 22a18).
Moreover, if any of these conditions holds, then s $ 2t.
Proof. Suppose that b ; 15 (mod 16). First note that if a ; 63 (mod
16) or a ; 65 (mod 16), then u3 5 a2 1 b ; 8 (mod 16), and it follows
that t 5 3. On the other hand, if a ; 61 (mod 16) or a ; 67 (mod 16),
then u3 5 a2 1 b ; 0 (mod 16), and it follows that t $ 4.
By examining a3 1 2ba 2 1 (mod 16) and a3 1 2ba 1 1 (mod 16), we
conclude that s 5 3 when a ; 63 (mod 16) or a ; 65 (mod 16), s 5 4
when a ; 67 (mod 16), and s $ 5 when a ; 61 (mod 16).
We can now conclude that 2t $ 6 . s, unless a ; 61 (mod 16), and
hence, by Lemma 4.1, s , 2t in these cases. The remainder of the proof is
divided into two cases corresponding to the conditions a ; 1 (mod 16) and
a ; 21 (mod 16).
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Case 1: a ; 1 (mod 16). In this case, a3 1 2ba 2 1 ; 14 (mod 16), and
hence 2 i a3 1 2ba 2 1. On the other hand, since b ; 21 (mod 16), we
can find an integer i such that b 5 21 1 16i. Similarly, we can find an
integer j such that a 5 1 1 16j. The power of 2 appearing in the prime
decomposition of i and j plays a crucial role in this argument, so let a 5
n2(i) and b 5 n2( j) and find odd integers x and y such that i 5 2ax and
j 5 2 by.
First we give a more precise description of t:
u3 5 a2 1 b 5 32j 1 256j 2 1 16i 5 16(i 1 2j(1 1 8j))
(4.16)
5 24(2ax 1 2 b11y(1 1 8j)).
It follows that
t 5 5
a 1 4 if a , b 1 1,
b 1 5 if b 1 1 , a,
a 1 4 1 n2(x 1 y(1 1 8j)) if a 5 b 1 1.
(4.17)
On the other hand,
a3 1 2ba 1 1 5 16 ( j 1 48j2 1 256j3 1 2i 1 32ij)
5 24( j(1 1 48j 1 256j2) 1 2i(1 1 16j))
5 24(2 by(1 1 48j 1 256j2) 1 2a11x(1 1 16j)).
Since s 5 n2((a3 1 2ba 2 1)(a3 1 2ba 1 1)), we obtain
s 5 5
b 1 5 if b , a 1 1,
a 1 6 if a 1 1 , b,
a 1 6 1 n2(y(1 1 48j 1 256j2) 1 x(1 1 16j)) if a 1 1 5 b.
(4.18)
We now consider five possible cases, corresponding to the relationship
between a and b.
First, suppose that a , b 21 , b 1 1. Then t 5 a 1 4 and s 5 a 1 6.
Consequently, 2t 5 2a 1 8 . a 1 6 5 s.
Second, suppose that b , a 2 1 , a 1 1. Then t 5 b 1 5 and s 5
b 1 5. Consequently, 2t 5 2b 1 10 . b 1 5 5 s.
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Third, suppose that a 5 b 1 1. Then t 5 a 1 4 1 n2(x 1 y(1 1 8j)) .
a 1 4 and s 5 b 1 5 5 a 1 4. It follows that 2t . 2a 1 8 . a 1 4 5 s.
Fourth, suppose that a 5 b. Then t 5 a 1 4 and s 5 b 1 5 5 a 1 5.
Consequently, 2t 5 2a 1 8 . a 1 5 5 s.
In these first four cases, Lemma 4.1 implies that s , 2t.
Finally, suppose that a 5 b 2 1. Then
t 5 a 1 4 and s 5 a 1 6 1 n2(y(1 1 48j 1 256j2) 1 x(1 1 16j)).
Therefore 2t 5 s if and only if a 1 2 5 n2(y(1 1 48j 1 256j2) 1 x(1 1
16j)). Now,
y(1 1 48j 1 256j2) 1 x(1 1 16j) 5 (y 1 x) 1 16j(3y 1 16jy 1 x)
5 (y 1 x) 1 2 b14y(3y 1 16jy 1 x)
5 (y 1 x) 1 2a15y(3y 1 16jy 1 x).
It follows that a 1 2 5 n2(y(1 1 48j 1 256j2) 1 x(1 1 16j)) if and only
if n2(x 1 y) 5 a 1 2. We can now conclude that 2t 5 s, and hence, by
Lemma 4.1 that 2t # s, if and only if
a 5 b 2 1 and n2(x 1 y) 5 a 1 2. (4.19)
It remains only to show that the conditions in (4.19) are equivalent to
(a) in the statement of the lemma. To this end, assume (4.19) is true. Then,
by definition of a, we know that a 5 1 1 16j 5 1 1 2 b14y 5 1 1 2a15y.
Thus a ; 1 1 2a15 (mod 2a16). Similarly, b ; 21 1 16i 5 21 1 2a14x ;
21 1 2a14 (mod 2a15). Finally, since n2(x 1 y) 5 a 1 2,
a 1 2b 1 1 5 1 1 2a15y 2 2 1 2a15x 1 1 5 2a15(x 1 y)
; 22a17 (mod 22a18),
as desired.
Conversely, suppose that condition (a) holds for some integer a. The
first two congruences in (a) immediately imply that we can write a 5 1 1
2a15y and b 5 21 1 2a14x for some odd integers x and y. It follows from
the definition of a and b above that a 5 b 2 1. Finally, a 1 2b 1 1 5
2a15y 1 2a15x 5 2a15(x 1 y), and hence (a) implies that n2(x 1 y) 5 a 1
2, as desired.
Case 2: a ; 21(mod 16). In this case, a3 1 2ba 1 1 ; 2(mod 16), and
hence 2 i a3 1 2ba 1 1. As in Case 1, find integers i and j such that b 5
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21 1 16i and a 5 21 1 16j and integers a and b such that i 5 2ax and
j 5 2 by for some odd integers x and y.
Once again, our first step is to identify t. We have
u3 5 a2 1 b 5 232j 1 256j 2 1 16i 5 16(i 2 2j(1 2 8j))
(4.20)
5 24(2ax 2 2 b11y(1 2 8j)).
It follows that
t 5 5
a 1 4 if a , b 1 1,
b 1 5 if b 1 1 , a,
a 1 4 1 n2(x 2 y(1 2 8j)) if a 5 b 1 1.
On the other hand,
a3 1 2ba 2 1 5 16 ( j 2 48j2 1 256j3 2 2i 1 32ij)
5 24( j(1 2 48j 1 256j2) 2 2i(1 2 16j))
5 24(2 by(1 2 48j 1 256j2) 2 2a11x(1 2 16j)).
Since s 5 n2((a3 1 2ba 2 1)(a3 1 2ba 1 1)), we obtain
s 5 5
b 1 5 if b , a 1 1,
a 1 6 if a 1 1 , b,
a 1 6 1 n2(y(1 2 48j 1 256j2) 2 x(1 2 16j)) if a 1 1 5 b.
(4.21)
As in Case 1, we must examine five cases corresponding to the relation-
ship between a and b. It is easy to verify if a , b 2 1, b 1 1 , a, a 5
b 1 1, or a 5 b, that 2t . s, and hence Lemma 4.1 implies that s , 2t.
Finally, assume that a 5 b 2 1. Then
t 5 a 1 4 and s 5 a 1 6 1 n2(y(1 2 48j 1 256j2) 2 x(1 2 16j)).
Therefore 2t 5 s if and only if a 1 2 5 n2(y(1 2 48j 1 256j2) 2
x(1 2 16j)). Now,
y(1 2 48j 1 256j2) 2 x(1 2 16j) 5 (y 2 x) 1 16j(23y 1 16jy 1 x)
5 (y 2 x) 1 2 b14y(23y 1 16jy 1 x)
5 (y 2 x) 1 2a15y(23y 1 16jy 1 x).
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It follows that a 1 2 5 n2(y(1 2 48j 1 256j2) 2 x(1 2 16j)) if and only
if n2(y 2 x) 5 a 1 2. We can now conclude that 2t 5 s, and hence, by
Lemma 4.1 that 2t # s, if and only if
a 5 b 2 1 and n2(y 2 x) 5 a 1 2. (4.22)
It remains only to show that the conditions in (4.22) are equivalent to
(b) in the statement of the lemma. To this end, assume (4.22) is true. Then,
by definition of a, we know that a 5 21 1 16j 5 21 1 2 b14y 5 21 1
2a15y. Thus a ; 21 1 2a15 (mod 2a16). Similarly, b ; 21 1 16i 5 21 1
2a14x ; 21 1 2a14 (mod 2a15). Finally, since n2(y 2 x) 5 a 1 2,
a 2 2b 2 1 5 21 1 2a15y 1 2 2 2a15x 2 1 5 2a15(y 2 x)
; 22a17 (mod 22a18),
as desired.
As in Case 1 it is now easy to show that (b) in the statement of the
lemma implies (4.22).
This completes the proof of the lemma. n
LEMMA 4.13. If b ; 15 (mod 16), then r , 2t unless there exists a
nonnegative integer a such that one of the following conditions holds:
(a) a ; 1 1 2a14 (mod 2a15), b ; 21 1 2a14 (mod 2 a15) and a 2
b 2 2 ; 22a17 (mod 22a18);
(b) a ; 21 1 2a14 (mod 2a15), b ; 21 1 2a14 (mod 2a15), and a 1
b 1 2 ; 22a17 (mod 22a18).
Moreover, if any of these conditions holds, then r $ 2t.
Proof. Suppose that b ; 15 (mod 16). As in the proof of Lemma 4.12,
if a ; 63 (mod 16) or a ; 65 (mod 16), then u3 ; 8 (mod 16), and t 5
3, and if a ; 61 (mod 16) or a ; 67 (mod 16), then u3 ; 0 (mod 16), and
t $ 4.
By examining ba 2 1 (mod 16) and ba 1 1 (mod 16), we conclude that
t 5 3 when a ; 63 (mod 16) or a ; 65 (mod 16), t 5 4 when a ; 67
(mod 16), and t $ 5 when a ; 61 (mod 16).
We can now conclude that 2t $ 6 . t, unless a ; 61 (mod 16), and
hence, by Lemma 4.2, r , 2t in these cases. As in the proof of Lemma
4.12, we break the remainder of the proof into two cases corresponding to
the conditions a ; 1 (mod 16) and a ; 21 (mod 16).
Case 1: a ; 1 (mod 16). In this case, ba 2 1 ; 14 (mod 16), so 2 i
ba 2 1. As in the proof of Lemma 4.12, find integers i and j such that
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b 5 21 1 16i and a 5 1 1 16j. Let a 5 n2(i) and b 5 n2( j), so that
i 5 2ax and j 5 2 by, for odd integers x and y.
The same computation as in (4.16) yields
u3 5 24(2ax 1 2 b11y(1 1 8j)).
It follows that
t 5 5
a 1 4 if a , b 1 1,
b 1 5 if b 1 1 , a,
a 1 4 1 n2(x 1 y(1 1 8j)) if a 5 b 1 1.
On the other hand,
ba 1 1 5 (21 1 16i)(1 1 16j) 1 1 5 16i 2 16j 1 256ij
5 24(2ax 2 2 by 1 2a1b14xy).
Since t 5 n2((ba 2 1)(ba 1 1)), we obtain
t 5 5
a 1 5 if a , b,
b 1 5 if b , a,
a 1 5 1 n2(x 2 y 1 2a14xy) if a 5 b.
(4.23)
As in the proof of Lemma 4.12 we examine four cases, corresponding
to the relationship between a and b.
First, suppose that a , b. Then t 5 a 1 4 and t 5 a 15. Consequently,
2t 5 2a 1 8 . a 1 5 5 t.
Second, suppose that b 1 1 , a. Then t 5 b 1 5 and t 5 b 1 5.
Consequently, 2t 5 2b 1 10 . b 1 5 5 t.
Third, suppose that a 5 b 1 1. Then t 5 a 1 4 1 n2(x 1 y(1 1 8j)) $
a 1 5 and t 5 b 1 5 5 a 1 4. But then 2t $ 2a 1 10 . a 1 4 5 t.
In these first three cases, Lemma 4.2 implies that r , 2t.
Finally, suppose that a 5 b. Then t 5 a 1 4 and t 5 a 1 5 1 n2(x 2
y 1 2a14xy). Therefore 2t 5 t if and only if n2(x 2 y 1 2a14xy) 5 a 1 3.
But n2(x 2 y 1 2a14xy) 5 a 1 3 if and only if n2 (x 2 y) 5 a 1 3. We can
now conclude that 2t 5 t, and hence by Lemma 4.2 that 2t # r if and only if
a 5 b and n2(x 2 y) 5 a 1 3. (4.24)
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It remains only to show that the conditions in (4.24) are equivalent to
(a) in the statement of the lemma. To this end, assume (4.24) is true. Then,
by definition of a, we know that a 5 1 1 16j 5 1 1 2 b14y 5 1 1 2a14y.
Thus a ; 1 1 2a14 (mod 2a15). Similarly b 5 21 1 16i 5 21 1 2a14x, and
hence b ; 21 1 2a14 (mod 2a15). Finally, since n2(x 2 y) 5 a 1 3,
a 2 b 2 2 5 1 1 2a14y 1 1 2 2a14x 2 2 5 2a14(y 2 x)
; 22a17 (mod 22a18),
as desired.
Conversely, suppose that (a) in the statement of the lemma holds. It
follows that b 5 21 1 2a14x for some odd integer x and a 5 1 1 2a14y for
some odd integer y. Thus a 5 b. Moreover, a 2 b 2 2 5 2a14y 2 2a14x 5
2a14(y 2 x). Since a 2 b 2 2 ; 22a17 (mod 22a18), it follows that 22a18
divides 2a14(y 2 x) 2 22a17 and therefore that 2a14 divides (y 2 x) 2 2a13.
This is only possible if n2(y 2 x) 5 a 1 3, as desired.
Case 2: a ; 21 (mod 16). In this case, ba 1 1 ; 2 (mod 16), so 2 i
ba 1 1. As usual, find integers i and j such that b 5 21 1 16i and a 5
21 1 16j and a and b such that i 5 2ax and j 5 2 by, for odd integers x
and y.
The same computation as in (4.20) yields
u3 5 24(2ax 2 2 b11y(1 2 8j)),
and, again,
t 5 5
a 1 4 if a , b 1 1,
b 1 5 if b 1 1 , a,
a 1 4 1 n2(x 2 y(1 2 8j)) if a 5 b 1 1.
(4.25)
On the other hand,
ba 2 1 5 (21 1 16i)(21 1 16j) 2 1
5 216i 2 16j 1 256ij
5 24(22ax 2 2 by 1 2a1b14xy).
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Since t 5 n2((ba 2 1)(ba 2 1)), we obtain
t 5 5
a 1 5 if a , b,
b 1 5 if b , a,
a 1 5 1 n2(2x 2 y 1 2a14xy) if a 5 b.
(4.26)
As in Case 1, there are four cases corresponding to the relationship
between a and b. It is easy to verify if a , b, b 1 1 , a, or a 5 b 1 1,
that 2t . t, and hence Lemma 4.2 implies that r , 2t.
Finally, suppose that a 5 b. Then t 5 a 1 4 and t 5 a 1 5 1 n2(2x 2
y 1 2a14xy). Therefore 2t 5 t if and only if n2(2x 2 y 1 2a14xy) 5 a 1
3. But n2(2x 2 y 1 2a14xy) 5 a 1 3 if and only if n2(x 1 y) 5 a 1 3. We
can now conclude that 2t 5 t, and hence by Lemma 4.2 that 2t # r if and
only if
a 5 b and n2(x 1 y) 5 a 1 3. (4.27)
It remains only to show that the conditions in (4.27) are equivalent to
(b) in the statement of the lemma. To this end, assume (4.27) is true. Then,
by definition of a, we know that a 5 21 1 16j 5 21 1 2 b14y 5 21 1
2a14y. Thus a ; 21 1 2a14 (mod 2a15). Similarly b 5 21 1 16i 5 21 1
2a14x, and hence b ; 21 1 2a14 (mod 2a15). Finally, since n2(x 1 y) 5
a 1 3,
a 1 b 1 2 5 21 1 2a14y 2 1 1 2a14x 1 2 5 2a14(x 1 y)
; 22a17 (mod 22a18),
as desired.
As in Case 1 it is now easy to show that (b) in the statement of the
lemma implies (4.27).
This completes the proof of the lemma. n
PROPOSITION 4.14. If b ; 15 (mod 16) and a is odd, then huij is stable
unless there exists an integer a such that one of the following four condi-
tions occurs:
(a) a ; 1 1 2a14 (mod 2a15), b ; 21 1 2a14 (mod 2a15) and a 2
b 2 2 ; 22a17 (mod 22a18);
(b) a ; 21 1 2a14 (mod 2a15), b ; 21 1 2a14 (mod 2a15), and a 1
b 1 2 ; 22a17 (mod 22a18);
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(c) a ; 1 1 2a15 (mod 2a16), b ; 21 1 2a14 (mod 2a15), and a 1
2b 1 1 ; 22a17 (mod 22a18);
(d) a ; 2 1 1 2a15 (mod 2a16), b ; 21 1 2a14 (mod 2a15), and a 2
2b 21 ; 22a17 (mod 22a18).
Moreover, if a ; 63 (mod 16) or a ; 65 (mod 16), then V(2k) 5 V(24)
for all k $ 4, and if a ; 67 (mod 16) and N 5 n2(a2 1 b) 1 1, then
V(2k) 5 V(2N) for all k $ N.
Proof. By Lemmas 4.12 and 4.13, s , 2t and r , 2t when the conditions
of the proposition hold. Thus, by Theorem 3.1, each sequence listed is stable.
The remaining conclusion of the proposition follows from Theorem 3.1
and the observation that the parameters r, s, and t have been computed
precisely in Lemmas 4.12 and 4.13. In particular, if a ; 63 (mod 16) or
a ; 65 (mod 16), then hr, s, tj 5 h2, 3j, and if a ; 67 (mod 16), then
r 5 s 5 3 and t 5 n2(a2 1 b) $ 4.
Note. Computation of the generation, N, at which stability begins is
also possible when a ; 61 (mod 16). In this case, one must determine the
parameters a and b, as defined in the proofs of Lemma 4.12 and Lemma
4.13, and then use (4.17) or (4.25) to compute t, (4.18) or (4.21) to compute
s (and then s), and (4.23) or (4.26) to compute t (and subsequently r).
For example, suppose that a 5 3329 5 1 1 28 ? 13 and b 5 33791 5
21 1 210 ? 33. Then, according to the first part of the proof of Lemma
4.12, a 5 6 and b 5 4. Thus, b 1 1 5 5 , 6 5 a and (4.17) tells us that
t 5 b 1 5 5 9. Moreover, b 5 4 , 7 5 a 1 1 and (4.18) tells us that
s 5 b 1 5 5 9. Finally, b 5 4 , 6 5 a, so (4.23) tells us that t 5 b 1
5 5 9. Thus, hr, s, tj 5 h9j and, in the notation of Theorem 3.1, N 5 10.
5. EXAMPLES AND COMPUTATIONS
In this section, we examine some particular cases in which stability occurs,
and discuss briefly the cases in which Theorem 3.1 fails to prove stability.
As noted in Section 1, Theorem 3.1 can be used to show that a given
sequence is stable, but does not explicitly describe the frequency distribution
function na,b(2k, d). However, for those a and b treated by Theorem 3.1,
Theorem 3.1 provides a bound N beyond which the sequence is stable.
Corollary 3.6 then shows that computation of n(2k, d) for all k $ N reduces
to computation of n(2N, d). Thus, computation of n(2k, d) for all k becomes
a finite problem.
EXAMPLE 5.1. Let a 5 17 and b 5 15. It is easy to verify that (a)–(d)
of Proposition 4.14 do not hold, and hence the sequence huij is stable
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modulo 2. Since a 5 1 1 24 and b 5 21 1 24, it follows that i 5 j 5 1,
a 5 b 5 0, and x 5 y 5 1 (using the notation of Lemma 4.12 and Lemma
4.13). Therefore, by (4.17), since a 5 0 , 1 5 b 1 1, we know that
t 5 a 1 4 5 4. By (4.18), s 5 b 1 5 5 5, and hence, by (4.2), s 5
s 2 1 5 4. Similarly, by (4.23), t 5 a 1 5 1 n2(x 2 y 1 2a14xy) 5 5 1
n2(24) 5 9. Thus, by (4.3), r 5 2t 2 1 5 7. It follows that hr, s, tj 5 h4, 7j,
and N 5 8. Also, since s 5 t, Proposition 3.2 implies that l8 5 3 ? 24 5 48.
A simple computer calculation yields the following frequency distri-
bution:
n17,15(28, d) 5 5
1, if d ; 0 (mod 16)
or d ; 1 (mod 32)
or d ; 15 (mod 32) and d ò 239 (mod 28)
8, if d ; 17 (mod 28)
9, if d ; 239 (mod 28)
0, otherwise.
(5.1)
It follows from Theorem 3.1 that V(2k) 5 V(28) 5 h0, 1, 8, 9j for all k $
8. Moreover, Corollary 3.6 implies that n17,15(29, d) 5 n17,15(28, d) for all d.
It follows that (5.1) also describes n17,15(29, d), and similarly, (5.1) describes
n17,15(2k, d) for all k $ 8.
Computations similar to that described above can easily be performed
for any pair (a, b) to which Theorem 3.1 applies, that is, whenever r , 2t
and s , 2t. Thus, Theorem 3.1 handles all values of a and b such that a is
odd, b ; 3 (mod 4), and the parameters r, s, and t are defined, except
(a) b ; 3 (mod 16) and a ; 61 or 63 (mod 16) or
(b) b ; 11 (mod 16) and a ; 61 or 65 (mod 16),
and an infinite class of sporadic exceptions when
(c) b ; 7 (mod 16) and a ; 61 or 67 (mod 16) or
(d) b ; 15 (mod 16) and a ; 61 (mod 16).
Examples of the exceptional cases (c) and (d) correspond to those a and
b that occur in Lemma 4.12 with 2t # s and in Lemma 4.13 with 2t # r.
We list some instances in Tables I–IV.
For example, taking a 5 0 in Lemma 4.12(a) yields a ; 33 (mod 64)
and b ; 15 (mod 32). If we write a 5 33 1 64k and 2b 5 30 1 64,, we
discover that a 1 2b 1 1 5 64 (k 1 , 1 1). Hence a 1 2b 1 1 ; 128 (mod
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TABLE I
Exceptions to Lemma 4.12(a) for a 5 0
b a
b ; 15 (mod 128) a ; 97 (mod 256)
b ; 47 (mod 128) a ; 33 (mod 256)
b ; 79 (mod 128) a ; 225 (mod 256)
b ; 111 (mod 128) a ; 161 (mod 256)
TABLE II
Exceptions to Lemma 4.12(a) for a 5 1
b a b a
b ; 31 (mod 512) a ; 449 (mod 1024) b ; 287 (mod 512) a ; 961 (mod 1024)
b ; 95 (mod 512) a ; 321 (mod 1024) b ; 351 (mod 512) a ; 833 (mod 1024)
b ; 159 (mod 512) a ; 193 (mod 1024) b ; 415 (mod 512) a ; 705 (mod 1024)
b ; 223 (mod 512) a ; 65 (mod 1024) b ; 479 (mod 512) a ; 577 (mod 1024)
TABLE III
Exceptions to Lemma 4.13(a) for a 5 0
b a b a
b ; 15 (mod 256) a ; 145 (mod 256) b ; 143 (mod 256) a ; 17 (mod 256)
b ; 47 (mod 256) a ; 177 (mod 256) b ; 175 (mod 256) a ; 49 (mod 256)
b ; 79 (mod 256) a ; 209 (mod 256) b ; 207 (mod 256) a ; 81 (mod 256)
b ; 111 (mod 256) a ; 241 (mod 256) b ; 239 (mod 256) a ; 113 (mod 256)
TABLE IV
Exceptions to Lemma 4.13(a) for a 5 1
b a b a
b ; 31 (mod 1024) a ; 545 (mod 1024) b ; 543 (mod 1024) a ; 33 (mod 1024)
b ; 95 (mod 1024) a ; 609 (mod 1024) b ; 607 (mod 1024) a ; 97 (mod 1024)
b ; 159 (mod 1024) a ; 673 (mod 1024) b ; 671 (mod 1024) a ; 161 (mod 1024)
b ; 223 (mod 1024) a ; 737 (mod 1024) b ; 735 (mod 1024) a ; 225 (mod 1024)
b ; 287 (mod 1024) a ; 801 (mod 1024) b ; 799 (mod 1024) a ; 289 (mod 1024)
b ; 351 (mod 1024) a ; 865 (mod 1024) b ; 863 (mod 1024) a ; 353 (mod 1024)
b ; 415 (mod 1024) a ; 929 (mod 1024) b ; 927 (mod 1024) a ; 417 (mod 1024)
b ; 479 (mod 1024) a ; 993 (mod 1024) b ; 991 (mod 1024) a ; 481 (mod 1024)
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256) when k 1 , 1 1 ; 2 (mod 4), i.e., k 1 , ; 1 (mod 4). Thus, we obtain
the examples listed in Table I.
When a 5 1, we obtain the condition k 1 , ; 3 (mod 8) and hence the
examples listed in Table II.
Similarly, we can list some of the exceptional cases in Lemma 4.13 for
which 2t # r. Taking a 5 0 in Lemma 4.13(a) yields a ; 17 (mod 32),
b ; 15 (mod 32), and a 2 b 2 2 ; 128 (mod 256). As in the previous
example, we write a 5 17 1 32k and b 5 15 1 32,. The third congruence
then yields k 2 , ; 4 (mod 8) and we obtain the examples listed in Table
III. Finally, when a 5 1, we obtain the examples listed in Table IV.
6. ADDENDUM
Suppose that huij is a two-term recurrence sequence, as defined in (1.1),
with a odd and b ; 3 (mod 4). The main theorem of this paper, Theorem
3.1, provides a precise criterion for stability of huij that depends upon
parameters r, s, and t defined in (1.2). However, the parameters r, s, and
t are not always defined. In this addendum, we describe the behavior of
those recurrence sequences for which at least one of these parameters is
not defined.
Case 1: r not defined. The parameter r is defined by 2r11 i (bu5 2 1).
Consequently, r is not defined if and only if bu5 2 1 5 0, i.e., if and only
if bu5 5 1. Since b and u5 are both integers, this occurs when u5 5 b 5 1
or when u5 5 b 5 21. Since, by hypothesis, b ; 3 (mod 4), it follows that
u5 5 b 5 21.
Now,
21 5 u5 5 (u3)2 1 b(u2)2
5 (a2 1 b)2 1 ba2 5 (a2 2 1)2 2 a2 5 a4 2 3a2 1 1.
Therefore a2(a2 2 3) 5 22, and hence a 5 61. Consequently, there are
exactly two sequences for which r is undefined:
0, 1, 1, 0, 21, 21, 0, 1, . . . when a 5 1 and b 5 21
0, 1, 21, 0, 1, 21, 0, 1, . . . when a 5 21 and b 5 21
Clearly, these sequences both have period lk 5 6 for all k, and both of
these sequences are stable modulo 2.
Case 2: t not defined. The parameter t is defined by 2t11 i u6 and,
moreover, by Lemma 2.1(a), 2t i u3 . Thus t is not defined if and only if
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u3 5 0, i.e., if and only if b 5 2a2. It follows that for each choice of a,
there is a unique sequence for which t is not defined:
0, 1, a, 0, 2a3, 2a4, 0, a6, a7, 0, . . . .
When a 5 61, the resulting sequences are just those listed in Case 1,
and are clearly stable. On the other hand, if a ? 61, then it is easy to
observe that lk 5 3ck , where ck is the order of 2a3 modulo 2k. Moreover,
ck is unbounded as a function of k. Since n(2k, 0) 5 (1/3)lk 5 ck , the
resulting sequence is not stable.
Case 3: s not defined. The parameter s is defined by 2s11 i (u7 2 1).
Consequently, s is not defined if and only if u7 5 1. But u7 2 1 5 a6 1
5a4b 1 6a2b2 1 b3 2 1. Thus, for example, if a 5 61, this becomes 5b 1
6b2 1 b3 5 0, and hence b 5 21 or b 5 25. The sequences corresponding
to a 5 61 and b 5 21 were those discussed in Case 1, above. The two
new sequences, corresponding to a 5 61 and b 5 25, appear to be unstable:
computer analysis suggests that their behavior is similar to that exhibited
by sequences for which b ; 9 (mod 16) mentioned in [1]. We postpone
complete discussion of this case to a forthcoming paper on instability.
In fact, the solutions a 5 61, b 5 21 and a 5 61, b 5 25 are the only
solutions of the diophantine equation a6 1 5a4b 1 6a2b2 1 b3 5 1. If we
set x 5 a2 and y 5 b, this equation becomes x3 1 5x2y 1 6xy2 1 y3 5 1,
which is a Thue equation of degree three. Thue proved in 1909 [5] that
equations of this form have only finitely many integral solutions. Recently,
computational algorithms have been developed to find all solutions of any
particular Thue equation (see, e.g., [6]). Voutier [7] has implemented these
algorithms, and it is a consequence of his investigation that the recurrence
sequences corresponding to a 5 61, b 5 21 and a 5 61, b 5 25 are the
only sequences for which u7 5 1 (see Table 1 on p. 870 of [7]).
ACKNOWLEDGMENTS
The authors gratefully acknowledge the referees for their careful scrutiny of our paper and
for their enthusiastic commentary. In addition to spotting a number of typographical errors,
the referees suggested strengthening Lemma 2.7 and Proposition 3.2 in order to generalize
Lemma 3.4 (see the note following Lemma 3.4). They also raised the question of what happens
when s, t, r, s, and t are not defined, leading us to include the notes following Lemma 4.1
and Lemma 4.2 and the addendum. Finally, they brought to our attention the paper [7]
of Voutier.
REFERENCES
1. W. Carlip and E. Jacobson, On the stability of certain Lucas sequences modulo 2k , Fibonacci
Quart. 34 (1996), 289–305.
406 CARLIP AND JACOBSON
2. W. Carlip and E. Jacobson, Unbounded stability of two-term recurrence sequences modulo
2k, Acta Arith. 74 (1996), 329–346.
3. W. Narkiewicz, ‘‘Uniform Distribution of Sequences of Integers in Residue Classes,’’
Lecture Notes In Mathematics, Vol. 1087, Springer-Verlag, New York, 1984.
4. P. Ribenboim, ‘‘The Little Book of Big Primes,’’ Springer-Verlag, New York, 1991.
5. A. Thue, U¨ber Anna¨herungswerte algebraischer Zahlen, J. Reine Angew. Math. 135
(1909), 284–305.
6. N. Tzanakis and B. M. M. de Weger, On the practical solution of the thue equation,
J. Number Theory 31 (1989), 99–132.
7. P. M. Voutier, Primitive divisors of Lucas and Lehmer sequences, Math. Comp. 64
(1995), 869–888.
